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We discuss a new family of solutions of the Grad–Shafranov GS equation that describes D-shaped
toroidal plasma equilibria with sharp gradients at the plasma edge. These solutions have been
derived by exploiting the continuous Lie symmetry properties of the GS equation and in particular
a special type of “weak” symmetries. In addition, we review the continuous Lie symmetry properties
of the GS equation and present a short but exhaustive survey of the possible choices for the arbitrary
flux functions that yield GS equations admitting some continuous Lie symmetry. Particular solutions
related to these symmetries are also discussed. © 2010 American Institute of Physics.
doi:10.1063/1.3491426
I. INTRODUCTION
The analysis of symmetry properties of ordinary or par-
tial differential equations is a very useful tool for studying
their general structure and—more importantly—for finding
explicit solutions. Very schematically, we can say that the
presence of a symmetry of a differential equation has two
immediate applications: i one may obtain other solutions
starting from a known one, ii one may look for solutions
which are left invariant by this symmetry this may be ob-
tained considering a reduced equation. We will be con-
cerned with symmetries described by continuous Lie groups
of transformations: we refer, for instance, to the books1–3 for
all details about this method and for some of its typical ap-
plications.
This paper is devoted to the analysis of the Grad–
Shafranov GS also called Grad–Schlüter–Shafranov or
Bragg–Hawthorne equation
2
r2
−
1
r

r
+
2
z2
= r2F + G 1
which plays a fundamental role in describing two dimen-
sional static equilibria of magnetized plasmas under the as-
sumption of azimuthal symmetry. Here the standard cylindri-
cal coordinates r ,z , are used. In Eq. 1, r ,z is the
magnetic flux function such that the magnetic field can be
written as
rB =   e + Ie, 2
where e is the unit vector along the azimuthal direction and
I is an arbitrary function of  that is related to G in
Eq. 1 by
G = − IdI/d 3
whereas F is related to the gradient of the equilibrium
plasma pressure p by
F = − 4dp/d . 4
When solving Eq. 1 for r ,z the functions F and G
must be assigned together with the boundary conditions.
These may consist in assigning a boundary magnetic surface
Br ,z enclosing the domain of interest in the r−z plane. If
this domain encloses the geometrical r=0 axis, additional
regularity conditions at r=0 are required by the expression of
the magnetic field in Eq. 2.
A full analysis of the symmetry properties of a larger
class of partial differential equations, including GS equation
as a particular case, and for generic functions F=F and
G=G as well, has been performed 2006 in Ref. 4
see also Ref. 5. A detailed analysis of the specific case of
GS equation under the name of Bragg–Hawthorne equa-
tion, with generic F , G, has been performed 2007
in Ref. 6.
In a more recent 2009 paper7 some symmetry proper-
ties of the GS equation have been analyzed. This analysis
actually is restricted to the case in which F and G are con-
stants, i.e., to equilibria that are related to the Solovèv
solution.8
In Sec. II of the present paper, referring for detailed cal-
culations to Ref. 5 cf. also Ref. 6, we present a short but
exhaustive review of the possible choices for the functions
F and G yielding GS equations which admit some
continuous Lie symmetry; the main purpose is to look for
possible particular solutions related to these symmetries
e.g., invariant solutions. In the two remaining sections, in
addition to these “standard” Lie symmetries, we introduce
the notion of “weaker” symmetries conditional symmetries
and similar for the GS equation; the presence of such sym-
metries allows us to provide some other solutions to the GS
equation.
In particular we find a family of solutions of the GS
equation that describes D-shaped toroidal plasma equilibria
and that is novel to the best of our knowledge. Similar types
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of D-shaped equilibria have been obtained in the literature by
means of an expansion procedure in the so-called high ,
large aspect ratio limit.9,10
II. STANDARD LIE SYMMETRIES
For any choice of F and G, Eq. 1 admits the
obvious symmetry generated by  /z, i.e., the translations
along the z axis, and the two scalings for any real 
→ , F→ F, G→ G
and
r→ r, z→ z, F→ −4F, G→ −2G .
A. The nonlinear case
We consider the case in which F and G are nonlinear
functions of . Apart from the above trivial symmetries, the
GS equation admits symmetries only with the following
choices for the functions F , G:
a F = 1+2/q, G = 1+1/q
where q0 is a constant: in this case the admitted symmetry
is generated by
X1 = r

r
+ z

z
− 2q


5
with a little but commonly accepted abuse of language, we
will denote by the same symbol X both the symmetry and its
generator. This case may be slightly generalized: if F
and G have the form
a F = a + c1+2/q, G = b + c1+1/q,
where a, b, and c are constants, the admitted symmetry is
X1 = r

r
+ z

z
− 2q + c


. 6
The particular case q=−1 /4, i.e.,
a F = a + c−7 G = b + c−3
corresponds to an “exceptional” case for the GS equation: for
this case there is the additional symmetry see Ref. 6
X = 2rz

r
+ z2 − r2

z
+ z + c


. 7
A different possibility is the following:
b F = a exp2c, G = b expc
with c0 and with symmetry
X2 = r

r
+ z

z
−
2
c


. 8
The cases F=0 or G=0 do not admit any additional
symmetry; this implies that the above classification includes
also the cases a=0 or b=0.
We now discuss some results which may be deduced
from the existence of the above symmetries. The presence of
the symmetry 6 in case a implies that if r ,z is a
solution to Eq. 1, then also
˜ r,z = exp2qexpr,expz + cexp2q − 1
solves the equation for any real .
One can look for those solutions which are left invariant
under this symmetry: assuming for simplicity c=0, these so-
lutions have the form
r,z = r−2qwr/z . 9
Setting y=r /z, the function wy satisfies the ordinary differ-
ential equation where clearly w=dw /dy, etc.
wy2 + y4 + w2y3 − 4qy − y + 4qq + 1w
= aw1+2/q + bw1+1/q 10
which—as expected—involves only the symmetry-invariant
variable y, but it is quite difficult to find its general solutions.
If we look for the behavior of these solutions for y1, i.e.,
r z, assuming q	0 and neglecting higher order terms, we
find wy2q and wy2q+2, or

1
z2q
and 
r2
z2q+2
.
Choosing the second possibility, the result of a numerical
integration of Eq. 10 with q=1, a=−1, b=1 is given
in Fig. 1 which shows a magnetic configuration with conical
lobes that is singular at r=z=0. This configuration has
been obtained by setting wy=y2q+2fy and choosing
f0=1, f0=0.
FIG. 1. Color online Contour plot of flux function r ,z see Eqs. 9 and
10. The coordinate r is along the horizontal axis. For convenience the
contour is shown even for r
0, this clearly corresponds to the choice
=.
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An elementary example of invariant solution under the
symmetry 6, if F=a , G=b1/2, which belongs to case a
with q=−2, c=0, can be given by the “cylindrical” solution
=A2r4, provided that A solves the equation 8A2=a+bA.
This solution corresponds for a	0, b
0, and A	0 to a
constant-pitch magnetic field configuration where both Bz
and B are proportional to r2 while the plasma pressure de-
creases as r0
4
−r4, with r0 the radius of the external bound-
ary. See Ref. 4 for additional comments on this solution.
Actually, some nontrivial particular solutions of Eq. 10
will be provided later.
We now consider the symmetry X Eq. 7 of the “ex-
ceptional” case a: it implies that if r ,z is a solution of
the GS equation, then also
˜ r,z = Cr,z,1/2r˜r,z,, z˜r,z, , 11
where
Cr,z, = 1 + 2r2 + z2 + 2z ,
r˜ = rCr,z,−1 and z˜ = z + r2 + z2Cr,z,−1
is a solution of the equation for q=−1 /4 and any real .
This result will be important in the following.
In the same case a, the invariant solutions under X
have the form
r,z = rwy where y = r
r2 + z2
and wy satisfies the equation
wy2 −
3
4
w =
a
w7
+
b
w3
.
As in the case above, a simple solution is =Ar with the
condition 3A8+4a+4bA4=0.
Finally, in the case b, the presence of the symmetry X2
Eq. 8 with c=1 ensures that if r ,z is a solution, then
the same is true for
˜ r,z = r exp,z exp + 2
for any real . The solutions which are invariant under this
symmetry have the form
 = − 2 log r + wr/z ,
where now w=wy, with y=r /z, satisfies
wy2 + y4 + w− y + 2y3 + 4 = a exp2w + b expw .
A simple cylindrical solution, as above, which is invariant
under the symmetry 8, is given by =−2 log r, if
F=a exp2 , G=b exp, with the condition a+b=4.
This solution yields a configuration where both the z and the
 components of the magnetic field scale as r−2 and thus
must be restricted to a domain with r	r0 while the pressure
difference taken with respect to its constant value at r=
scales as r−4.
B. The linear case
We now have to consider in some detail the case in
which both F and G are linear functions of , i.e.,
c F = a0 + a1,
G = b0 + b1 a1,b1 not both zero .
We examine the various subcases.11
Let us start with
c a0 = b0 = 0
then the GS equation becomes the linear equation
2
r2
−
1
r

r
+
2
z2
= r2a1 + b1 . 12
We look for solutions of the form
r,z = RrZz
then the equation for Zz, Z=hZ, is easily solved for
any value of the arbitrary constant h, and Rr satisfies the
equation
R −
1
r
R + R = a1r2R where  = h − b1. 13
If a1=2	0, the general solution for Rr is
Rr = exp− r2/2	c1U
− 4 ,0,r2
+ c2L
 4 ,− 1,r2 ,
where U is a confluent hypergeometric function, L is a gen-
eralized Laguerre function, and c1 , c2 are two arbitrary con-
stants. If =a1=1 this is a combination of a function expo-
nentially going to zero with an exponentially divergent
function. If a1=−2
0, the solution can be written as a
combination of the real and the imaginary parts R1r and
R2r, both bounded and oscillating functions, of the function
expir2/2U
− i4 ,0,− ir2 ,
where U is a confluent hypergeometric function with imagi-
nary arguments.
Assuming h
0 one clearly gets oscillating solutions
also for the function Zz, see Fig. 2 which shows a “check-
erboard” of toroidal magnetic configurations.
If a1=0, then
Rr = rc1J1r + c2Y1r , 14
where J1 and Y1 are Bessel functions.
Notice that, choosing in particular h=b1 i.e., =0, Eq.
13 admits simpler solutions: assuming e.g., h=−2
0 and
a1=−
2
0 one finds the solutions for r ,z
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r,z = 	c1 sin
r22  + c2 cos
r22 
c3 sinz + c4 cosz ,
where c1 , . . . ,c4 are arbitrary constants. If a1	0 and/or
h	0, the solution is similar, apart from the substitution of
the functions sin, cos with sinh, cosh.
From the point of view of the symmetry properties, the
GS Eq. 12 exhibits the standard symmetries of any linear
equation. These simply amount to saying that any linear
combination of solutions is still a solution. If a0 and b0 are
not both zero, the situation is almost similar. Precisely, the
symmetry properties of the equation imply the following:
i if 0r ,z is any solution to the GS equation with a0
and b0 not both zero, then also
1r,z = 0r,z + w1r,z 15
solves the same equation for any function w1r ,z sat-
isfying the linear GS Eq. 12;
ii the same holds but this is clearly less useful in prac-
tice for the function
2r,z = 0r,z + w2r,z
for any , if w2r ,z satisfies this other GS equation
2w2
r2
−
1
r
w2
r
+
2w2
z2
= r2a01 −  + a1w2 + b01 −  + b1w2.
As an application of the property i above, let see
Ref. 12
c a1 = 0, b0 = 0 b1  0
then F=a0 , G=b1. In this case an obvious
solution 0r ,z to the GS equation is
0r,z = −
a0
b1
r2
which corresponds to a uniform magnetic field com-
ponent along z, while w1r ,z solves Eq. 12 with
a1=0. Writing w1r ,z=RrZz as before, Rr is
given by a combination of Bessel functions, see
Eq. 14.
If instead
c a0 = 0, b1 = 0, a1  0
there is a more complicated particular solution: if, e.g.,
a1=−
2
0 one has
0r,z =
b0
2	sin
r22 Ci
r22  − sin
r22 Si
r22  ,
where Si and Ci denote the functions sine integral and cosine
integral, and the remaining term w1r ,z solves the linear GS
Eq. 12 as before.
In the cases
civ a0 = 0, or b0 = 0
i.e., F=a1 , G=b0+b1 or F=a0+a1 , G=b1, finding
even one particular solution 0 is a much more difficult task.
With a0=a1=−1, b0=0 , b1=−2 a numerical integration of
the equation shows that the solution is actually very similar
to the solutions obtained in the above cases c , c , c.
Finally, the remaining possibility
d F = a0, G = b0
which corresponds to the Solovèv case, has been considered
in full detail in Ref. 7; see also Ref. 13.
Up to a possible substitution of  with +c, the cases
c , . . . , civ and d cover all possible forms of the GS
equation when F and G are linear functions, F=a0
+a1 , G=b0+b1.
III. CONDITIONAL SYMMETRIES
The classification a , . . . , d examined in the previous
section exhausts all the possible Lie symmetries admitted by
GS equations.
One can then try to look for weaker notions of symme-
tries, and in particular for the existence of conditional
symmetries14–16 for a fairly complete list of papers devoted
to this notion and some examples of its applications, see,
e.g., Refs. 17–19.
Let us recall that a conditional symmetry Y generates a
transformation which does not map solutions into solutions,
but defines some Y-invariant variables with the property that
the solutions of the equation once written in terms of these
variables are also solutions of the initial equation. In general,
finding in a systematic way the conditional symmetries of a
differential equation may be very difficult especially when
FIG. 2. Color online Contour plot of the flux function r ,z
=R1rcos z for the linear case with ==1. On the horizontal axis r
0
corresponds to =.
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the equation contains derivatives of order higher than one, cf.
Ref. 14.
There are two interesting conditional symmetries for
some particular cases of the GS equation.
a in the case
G = 2F with  = const
the admitted conditional symmetry is
Y = 

r
+ r

z
16
for any choice of F. This symmetry can be useful be-
cause, introducing the symmetry-invariant variable
s =
1
2r
2
− z
the GS equation is transformed into the very simple reduced
ordinary differential equation
ss = F
which can be easily integrated or reduced to quadratures.
These solutions however lead to magnetic fields that are sin-
gular at r=0. For instance, if F=−1 /3, a solution to the
GS equation is
r,z = r2 − 2z + c1/2
or, if F=exp, a solution is
r,z = log8c2 cosech2cr2 − 2cz + c0
for any constants c , c0.
b if F=0 and for any G, a conditional symmetry
is the rotation symmetry
Y = z

r
− r

z
. 17
In terms of the invariant variable s=r2+z2 the GS equation
becomes
4sss + 2s = G .
If, e.g.,
G = b,
where b and 1 are real constants, the GS equation
admits then the solution
r,z = Ar2 + z2 where  = 1 − −1,
18
A = 
 b42 − 2

.
Again, these solutions lead to magnetic fields that are singu-
lar at r=0.
IV. “WEAK” CONDITIONAL SYMMETRIES.
THE D-SHAPED EQUILIBRIUM SOLUTION
It is also possible to introduce conditional symmetries of
even weaker type see Ref. 16, 17, and 19. Without entering
into technical details, let us consider this example
Y = z

r
− r

z
, 19
where 0 and 1 may be either a positive or a negative
constant. Writing the GS equation in terms of the Y-invariant
variable
s = r2 + z2
one obtains
42 − r2 + sss + 2s = r2F + G
which does contain r together with s in this equation the
variable r plays the role of a parameter, and its presence
FIG. 3. Color online Counterplots of the flux function r ,z for the
D-shaped solutions in Eq. 24 corresponding to =1, A=−1, =−0.5, left
frame, and to =−5, right frame. On the horizontal axis r
0 corresponds to
=.
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indicates that Y is not a proper conditional symmetry, but
can be naturally split into two ordinary differential equations
involving only s as happens in the case of weak conditional
symmetries17
42 − ss = F and 4sss + 2s = G . 20
Clearly, these equations admit solutions only if there is a
precise relationship between F and G. Solutions of
these equations can be found of the form
s = As−q = A−qr2 + z2−q 21
for any real q0, with
F = a1+2/q, G = b1+1/q, 22
where the constants A ,a ,b are related by
a = 4A22 − qq + 1, b = 2Aq2q + 1 . 23
Before considering explicit examples of this case, let us em-
phasize that it falls precisely in case a of our symmetry
classification in Sec. II with c=0: this explains why we use
the notation q for the exponent in Eq. 21. In addition, it is
easy to verify that the solutions 22 turn out to be invariant
under the symmetry X1 Eq. 5; accordingly, they have the
form r−2qwr /z as expected, where wr /z must solve the
corresponding Eq. 10. In other words, these solutions ex-
hibit the peculiar property of being simultaneously invariant
under the “standard” symmetry 5 and the weak conditional
one 19. A similar property holds for the solution 18,
which turn out to be invariant under the standard symmetry
5 with q=−, and under the conditional symmetry 17.
As a first explicit example of Eqs. 21 and 22, assum-
ing, e.g., =2, if
F = − 2/3, G = 0
i.e., with q=−1 /2, b=0, we obtain the solution which has
been found in Ref. 20
r,z =
1/2
21/4
2r2 + z21/2.
This corresponds to the solution
wy =
1/2
21/4 
2y
2 + 1
y2 
1/2
y = r/z
of the Eq. 10.
A. The “doubling of solutions”
It can be emphasized that the coefficient 2− of ss in
the first equation in Eq. 20 takes the same value also re-
placing =2 with =−1, which gives s=z2−r2. No harm in
evaluating square roots of quantities which may be negative,
it is easy indeed to verify that in this case also
r,z =
1/2
21/4
r2 − z21/2
is another solution of the above equation.
This doubling of solutions is clearly true also in general:
if 1+2=1, then the two solutions
1r,z = 1r2 + z2 and 2r,z = 2r2 + z2
hold simultaneously. This is an example of a “partial” dis-
crete symmetry: i.e., a symmetry which holds only in a well
defined subset of solutions. The invariant solutions under this
discrete symmetry correspond to the choice 1=2=1 /2,
and then to solutions of the form r ,z=r2 /2+z2.
Some other examples can be easily given: still with
=2 or =−1, we get the trivial solution =z2−r2 if
F=0, G=2; choosing for instance
F =  2, G =  31/2
we get the solutions
r,z = 
2
16
2r2 + z22 and r,z = 
2
16
r2 − z22.
If
F =  21/3, G = 
15
23
2/3
a solution is
 = 
2
1923 2r
2 + z23.
FIG. 4. 3D plots of the flux function r ,z left frame of the pressure p= pr ,z center frame and of the function I= Ir ,z, that gives the azimuthal
component of the magnetic field times r, right frame for the D-shaped solutions in Eq. 24 corresponding to =1, =−1. All functions have been restricted
to the domain 	0=0.4, where =0 represents the plasma boundary. The integration constant for the function p has been fixed such that the pressure
vanishes at the plasma boundary. Contrary to previous figures only positive values of r are shown.
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B. The D-shaped equilibrium solutions
We now consider in some detail the solutions with
q=−1 /4, i.e.,
r,z = Ar2 + z21/4
with =2 this solution holds without restrictions; the same is
clearly true with any 	0. Choosing instead 
0, e.g.,
=−1, we get two different possibilities: the most interesting
is the one with A
0, e.g., A=−1, i.e.,
r,z = r2 − z21/4
which solves the GS equation with F=−3 /2−7 , G
= 1 /4−3, according to Eq. 23, and clearly holds only in
the region zr. Taking now advantage from the “excep-
tional” symmetry X Eq. 7 which is present in this case,
we can construct from this solution a continuous family of
solutions using the rule 11: we obtain, for generic 
0
and A
0
r,z = Ar2 − Az2 + 2zr2 + z2 + 2r2 + z221/4
24
which holds in the interior of the two circles centered resp.
in r0= / 2, z0=−1 / 2, and r0=− / 2, z0=−1 /
2, both of radius 1+  / 2, excluding their intersec-
tion it is not restrictive to assume 	0. A GS equation
with F=a−7 , G=b−3 is solved by the above flux function
if
A = − 4b,  = 12 1 − 1 − a/3b2
 0
according to Eq. 23. Notice that the condition a3b2 is
equivalent to the condition 2−+1 /40 ensuring the ex-
istence of a real parameter  and therefore of the variable s,
which is the coordinate invariant under the weak symmetry Y
Eq. 19.
Thanks to the invariance of the GS equation under trans-
lations z→z+const., we can shift the coordinate z0 defined
below Eq. 24 to 0. The resulting D-shaped configurations
are shown in Fig. 3 for two different values of 
0.
The corresponding expressions for the pressure function
p= pr ,z and of the azimuthal magnetic field function
I= Ir ,z are given by
pr,z = p0 +
a
24
1
6
, I2r,z = I0
2 +
b
2
.
In Fig. 4 the three-dimensional 3D plots of the flux func-
tion r ,z, of the pressure pr ,z= 1 /160
−6
−−6, and
of the azimuthal magnetic field function I= Ir ,z
=1 / 2 corresponding to the solution of Eq. 24 with
=1 and I0=0 are shown in the domain 	0=0.4. At
=0 plasma border the pressure vanishes. This solution
exhibits a rather flat plasma profile with strong pressure gra-
dients and current gradients at the plasma edge. The corre-
sponding safety parameter q, defined as the derivative of
the azimuthal field flux with respect to , ranges in this case
approximately from 1 to 5, increasing monotonically from
the magnetic axis outward.
The other possibility, still with =−1 but A	0, e.g.,
A=1, is
r,z = − r2 + z21/4
which holds for zr and solves the GS equation with
a=−3 /2, b=−1 /4. Using the same procedure as before, we
obtain the family of solutions
 = − r2 + z2 + 2zr2 + z2 + 2r2 + z221/4 25
which holds in the complementary region defined for the
previous case.
As a final remark, observing that the Lie commutator of
the symmetries X1 and X resp. Eqs. 5 and 7 is given by
X1,X = X
we can conclude that all solutions invariant under X are
mapped by the transformations generated by X1 into solu-
tions which are still invariant under X. In particular, the
simple solution r is invariant both under X and under
X1.
V. CONCLUSION
An exhaustive review has been presented of the possible
choices for the functions F and G that yield GS equa-
tions admitting some continuous Lie symmetries; some solu-
tions related to these symmetries in particular symmetry-
invariant solutions have been obtained and discussed.
Most remarkably, the introduction of conditional and
weak conditional symmetries in the context of the solutions
of the GS equation has allowed us to find a new family of
solutions that correspond to D-shaped toroidal plasma equi-
libria with sharp gradients at the plasma edge. In general,
finding the weak conditional symmetries of a differential
equation in a systematic or algorithmic way is very difficult.
Therefore the weak conditional symmetry found here and
leading to the new family of solutions need not exhaust the
possible useful choice of conditional and weak conditional
symmetries in the context of the GS equation.
In conclusion, it should be emphasized the crucial role
played by symmetry properties, in their different aspects, in
the problem of finding solutions of differential equations.
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